Introduction and statement of results
Let (a) n = Γ(a + n)/Γ(a) = (−1) n Γ(1 − a)/Γ(1 − a − n) denote the Pochhammer symbol, ψ = Γ ′ /Γ the digamma function, and p F q the generalized hypergeometric function [1, 2, 3, 5, 6] . The following reductions of particular 3 F 2 (1) functions have been known for some time ( [6] , p. 537).
Proposition 1.
3 F 2 (a, a + 1/3, a + 2/3; 1/3, 2/3; 1) = 2 · 3 −3a/2−1 cos πa 2 , Re a < 0, 3 F 2 (a, a + 1/3, a + 2/3; 2/3, 4/3; 1) = 2 1 − 3a 3 −(3a+1)/2 cos(3a + 1) π 6 , Re a < 1/3, and 3 F 2 (a, a+1/3, a+2/3; 4/3, 5/3; 1) = 4 (1 − 3a)(2 − 3a) 3 −3a/2 cos(3a+2) π 6 , Re a < 2/3, a = 1/3.
However, in the words of one of the surviving authors of [6] , as to the original proof, "it is impossible to find the sources now" [4] . Herein we provide a detailed proof of this Proposition, making use of the properties of closely related alternating binomial sums. We avoid any use or reliance on the WZ method for hypergeometric summation (e.g., [2] , section 3.11).
There are several known transformations for functions 3 F 2 (1), as illustrated in Appendix B. Therefore the left sides in Proposition 1 may be rewritten in terms of other 3 F 2 (1) functions with altered parameters.
We define the three binomial sums
Proposition 3.
3 F 2 (a, a + 1/3, a + 2/3; 5/3, 7/3; z)
, giving 3 F 2 (a, a+1/3, a+2/3; 5/3, 7/3; −1) = 8 2−a (2 − 3a) − 8 √ 3 sin(πa) + 8(6a − 7) cos(πa) 9(a − 1)(3a − 4)(3a − 2)(3a − 1) and 3 F 2 (a, a + 1/3, a + 2/3; 5/3, 7/3; 1) = 8 · 3
In fact the proof of Proposition 3 indicates how to obtain a family of values 
Corollary. We have the identity
Appendix A on Pochhammer symbols and certain of their products complements the proofs and the rest of the discussion. These products could be used, for instance, as exercises in a beginning graduate level course on special functions or analysis.
The finite series special cases f 30 (−n/3) and f 31 (−n/3) for integer n ≥ 0 occur in the online database OEIS in sequences A057681 and A057682 respectively. Thus for these integer sequences generating functions are readily available.
Proof of Propositions
Proposition 1. By using a case from (A.1) of Appendix A for (1/3) j (2/3) j together with (A.2),
We may note that
unless a = 0, in which case the sum is 1, being a special case of the binomial summa-
We may write this relation as
by using the definition (1.1). By using the recurrence of binomial coefficients
, we obtain the following relations: may be rewritten as:
f 31 a − 1 3 (2.4) and 3 F 2 (a, a + 1/3, a + 2/3; 4/3, 5/3; 1) =
Evaluation of f 30 (a). We will evaluate this binomial sum as a case of the more general sum
We note that the factorization
implies and is implied by the identity
Identity (2.6) is very easily verified directly, as −e iπ/3 + e 2πi/3 = −2 cos π 3 = −1.
The identity (2.6) in turn implies the identities for ℓ ≡ 1 and 2 (mod 3)
We then obtain
Similarly for the generally nonterminating sum, with the same decomposition, we obtain f 30 (a; z) = 1
Hence via identity (2.6)
By using the relations |1 − (−1)
From (2.3) and then (2.2) we determine that
and
From these explicit expressions we may confirm that
as in (2.1). It then follows from (2.4) and (2.5) that 3 F 2 (a, a + 1/3, a + 2/3; 2/3, 4/3; 1) = 
Proposition 2. We then see that f 30 satisfies the functional equation An extension of Proposition 1 would be to consider the following 3 F 2 (1) function, using another product of Pochhammer symbols coming from (A.1) together with (A.2).
3 F 2 (a, a + 1/3, a + 2/3; 5/3, 7/3; 1) =
.
Here the last sum on the right side may be directly related to f 31 (a − 1/3)/(1 − 3a)
as occurs in (2.4). By introducing another summation, the second summation on the right side may be written in terms of f 32 as appears in (2.5). However, using this approach, the first summation on the right requires several new summations. Via Proposition 3 we determine this 3 F 2 (1) value.
Proposition 3. We use the derivative property
starting with 3 F 2 (a, a + 1/3, a + 2/3; 2/3, 4/3; z)
1 − e 2iπ 3 3
Then shifting a → a−1 we obtain the expression for 3 F 2 (a, a+1/3, a+2/3; 5/3, 7/3; z) and the two cases for z = 1 and z = −1.
Proposition 5. The differential equation follows from the explicit expression for u(a) given in Proposition 1.
Corollary. Using the explicit expression for u(a) from Proposition 1 and the relation for ∂ b (b) j given in Appendix A, the summation identity follows.
Remarks. In regard to Proposition 5, the second order linear differential equation for u(a) has positive constant coefficients. As such, it admits a ready physical interpretation as the equation of a damped harmonic oscillator with damping proportional to (π 2 + ln 2 27)/4 and spring constant proportional to 3 ln 3.
Similarly, it may be determined that the function u 2 (a) = 3 F 2 (a, a + 1/3, a + 2/3; 2/3, 4/3; 1) satisfies the differential equation
It is possible to write several integral representations for the binomial sums f 3j (a), One may also consider to insert integral representations for binomial coefficients into the summands of f 3j (a). However, it appears difficult to ensure convergence of the resulting expressions with this approach. We freely make use of the relation 
